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Abst rac t - -We study the Cauchy problem for the following eneralized Ginzburg-Landau equation 
ut -- (~ + ioOAu -- (~ + i~)lul2qu + 7u in two spatial dimensions for q > 1 (here a, f~, 7 are real 
parameters and v, ~ > 0). A blow-up of solutions is found via numerical simulation in several cases 
for q > 1. 
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1. INTRODUCTION 
The generalized complex Ginzburg-Landau equation (GCGL) 
ut = (v + io~)Au - (~ + iZ)lul2qu + ~u, (1.1) 
with a 2q + 1 order nonlinearity in two dimensions has been proposed and studied as a model 
for "turbulent" dynamics in nonlinear partial differential equations (see [1-5]). This equation 
has been found for a general class of nonlinear evolution problems including several classical 
problems from hydrodynamics and other fields of physics and chemistry. In many applications, 
the nonlinear order q = 1. This is no surprise because for nonlinear Schr5dinger equation (NLS) 
which is the limit of GL, q -- 1 is the critical case. It is well known that a necessary condition 
for the blowup of solutions to the NLS limit with certain nontrivial initial data is qD :> 2. 
(For details on the Cauchy problem of the NLS limit in D spatial dimensions, see [6-9].) It is 
necessary to require that u, s > 0 in order to establish a solution which is physically meaningful 
and if u = ~ = ~/= 0, one has the nonlinear Schr5dinger equation (NLS limit). One could also 
study the GL equation as a perturbed NLS limit to investigate the phenomena associated with 
singular perturbation of the NLS [10]. 
For the moment, let us introduce a few technical terms. We consider the Cauchy problem for 
the Ginzburg-Landau equation in a 2-dimensional domain 12 and assume that u(x, y, O) • H2(12). 
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(This means that u, ux, uy, uxx, uuu, uxy are all bounded under the LUnorm when t = 0.) Local 
existence means that there is a solution u to the GL equation which is bounded under the H 2 norm 
on a finite interval 0 < t < T. A solution u to the GL equation is called a global solution if u 
is bounded for all t under the H 2 norm. A solution u to the GL equation blows up if IIvull2 
becomes unbounded for a finite time period t E [0, T). 
There have been many studies on the global solutions for the GL equation. Yet due to ana- 
lytical difficulties, there has been very little discussion on the blow-up of the GL equation. For 
D --- 2, 3, the work done by Bartuccelli, Constantin, Doering, Gibbon and Gisselfalt [11] gives 
some interesting estimates in their study of the possibility of soft and hard turbulence in the 
GL equation with q = 1 and periodic boundary condition. For the initial value problems of the 
2D GL equation when q = 1, 2, there are the following results [12]: 
(i) local existence for q > 0, u > 0, a > 0; 
(ii) global existence for q = 1; 
(iii) global existence for q = 2 if either I/~l < (v/'5/2)~ or c~fl > 0. 
Doring, Gibbon and Levermore's recent paper [13] obtained stronger esults on the GCGL equa- 
tion with a general nonlinear term (a+iB)lul2qu for q > 1. For example, when q = 2, ~ = u = 1, 
there is a global solution if lal < v~ or ( -a f l / l~  - hi) < v~/2. Further, [13] also gives various 
results on 3D or 4D GCGL with different nonlinearity. However, these are sufficient conditions 
for a global solution. Whether a blow-up would occur when these conditions fail is still not 
answered. 
We attempt o partially answer this question. For q > 1 and a~ < 0, we find blow-up of 
solutions in some situations by using PDE2D, a software for solving some very general two- 
dimensional time-dependent partial differential equations. Graphics and numerical outputs for 
the solutions are presented. 
2. BLOW-UP OF  SOLUTIONS IN  CASE q = 2 
We note that the generalized complex Ginzburg-Landau equation (1.1) could be derived as a 
wave envelope or amplitude quation governing wave-packet solutions, for example, in the study 
of the Taylor-Couette flow, Benard convection, and plane Poiseuille flow. There is significant 
difference in behavior of the hard and soft turbulence in the system when we move from D = 1 
to D = 2. This change is caused by the background role of the NLS equation, which is the 
dissipationless limit of the complex Ginzburg-Landau equation. For D = 1, the NLS is integrable 
and has infinitely many conserved quantities, but when D > 2, solutions of the NLS might 
blow up under certain conditions. (The name "collapse" was given by Zakharov [14], since in 
the context of plasma physics, the occurrence of a singularity in the electron density physically 
implies the collapse of a Langmuir wave and the creation of turbulence.) 
In the study of the Ginzburg-Landau equation, the a-~ plane plays an important role. The 
Lange and Newell criterion [15] determines whether the GL equation (when q = 1) is modulation- 
ally stable (e = v~ -t- c~/~ > 0) or unstable (e < 0). It has been shown [11] that in the a-f~ plane, 
when e > 0, stable rotating waves dominate. Otherwise, soft or strong turbulence is predicted. 
Similar criterion for the GL equation q = 2 is not available. But, in the unshaded region in 
Figure 1, a global solution has been proved [13]. 
However, whether a blow-up occurs for the GL equation with higher nonlinearity q > 1 in the 
shaded region has been an open question (Figure 1). We suspected that a blow-up would occur 
for some parameters that fall in this region, but not for every parameter in the shaded region. 
We think that we have now answered that question partially. Indeed, when q = 2, v -- ~; = 1, 
= 2, f~ = -9 ,  we found a numerical blow up. We also did calculations when beta is increased 
from -9  to -8 .  But a blow-up did not occur even though these parameters all fall in the shaded 
region. 
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Figure 1. Diagram of (~-~ plane for the 2D GL equation. In the shaded regions 
(a~ < O, 1/31 > a~/q) ,  the solution may blow up. A global solution is found in 
the unshaded regions (af~ > 0 and the strip ([B[ < K, qvfi2~4"~/q). 
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Figure 2. Blow-up for the solution to the 2D GL equation. Produced by PDE2D 
on an IBM RISC/6000 with band method (NSTEPS = 200, T = 200, u0(x ,y)  = 
1/(1 + x 2 + y2) + i / (1 +x  2 + y2), -1  < x < 1,0 < y < 1, showing the graphs for Re 
u and Im u at t = 25. Number of triangles used: 200. Number of unknowns: 742. 
PDE2D is a general-purpose two-dimensional time-dependent partial differential equation 
solver [16], using a finite element method. On our IBM RISC/6000, we attempted to solve 
the Ginzburg-Landau equation (q > 1) with various parameters using PDE2D (version 3.2). It 
appears that for q > 1, solutions will blow up for certain a > 0, 1~ < 0. Not surprisingly, these 
pairs of a,f~ all satisfy e < 0. For example, this happens when q = 2, ~, = ~ = 1, a -- 2,/3 = -9  
(Figures 2 and 3). 
The following table lists numerical outputs for the norm of Vu. We note that different initial 
values only change the solutions to a certain degree, a blow-up will eventually occur (unless the 
initial value is identically zero). We believe that the blow-up exhibited by the given problem was 
due to the turbulent behavior intrinsic to the Ginzburg-Landau equation itself and not due just 
to numerical difficulties with PDE2D. The reason is that when we consider q = 2, v = ~ = 1, 
a = 2, ~ -- -9  in the GL equation, we have the term i[u[4u on the right-hand side with the 
coefficient 9. This term caused the blow-up phenomena because the coefficient is negative and too 
large in absolute value to be eliminated analytically in various estimates demonstrated in [12,13]. 
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Tab le  1. Numer ica l  output  for  [[VuH~. 
0.75 
T = 1 .000000E+00 In tegra l  es t imate  
T = 2 .000000E+00 In tegra l  es t imate  
T = 3 .000000E+00 In tegra l  es t imate  
T ---- 4 .000000E+00 In tegra l  es t imate  
T -- 5 .000000E+00 In tegra l  es t imate  
T = 6 .000000E+00 In tegra l  es t imate  
T = 7 .000000E+00 In tegra l  es t imate  
T = 8 .000000E+00 In tegra l  es t imate  
T = 9 .000000E+00 In tegra l  es t imate  
T = 1 .000000E+01 In tegra l  es t imate  
T -- 1 .100000E+01 In tegra l  es t imate  
T = 1 .200000E+01 In tegra l  es t imate  
T -- 1 .300000E+01 In tegra l  es t imate  
T = 1 .400000E+01 In tegra l  es t imate  
T - 1 .500000E+01 In tegra l  es t imate  
T = 1 .600000E+01 In tegra l  es t imate  
T = 1 .700000E+01 In tegra l  es t imate  
T = 1 .800000E+01 In tegra l  es t imate  
T = 1 .900000E+01 In tegra l  
T ----- 2 .000000E+01 In tegra l  
T ---- 2 .100000E+01 In tegra l  
T = 2 .200000E+01 In tegra l  
T --- 2 .300000E+01 In tegra l  
T ----- 2 .400000E+01 In tegra l  
T - -  2 .500000E+01 In tegra l  
= 502.080737654851532 
= 373.045265015703706 
= 764.455622164526403 
= 94469.1507853805088 
= 269221.587213714374 
= 519326.241676001751 
= 734964.051730547333 
= 1011760.57047866401 
=1419942.38501782250 
= 1724805.97706106026 
= 2446095.12169172522 
= 3192945.11653535115 
= 3893385.91840337496 
= 4383396.28185165022 
= 4919441.25567504391 
= 5489430.56248483248 
=6289629.25538311061 
=6743529.60737436637 
es t imate  = 7451348.36011822429 
es t imate  = 8075991.61017961334 
es t imate  = 9774860.11163187400 
es t imate  = 10744591.4754993469 
es t imate  = 12715737.0270763468 
es t imate  = 13475522.5401941035 
es t imate  = 15052624.4163740166 
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